Abstract. This comment is concerned with simple progressing solutions of the wave equation U p = 0. In flat spacetime, these were all found by Friedlander in 1946. It is shown that all of the cases he enumerated are special cases of a single progressing-wave solution in a plane-wave gravitational background. Finally, progressing waves are used to obtain a generalisation, to plane-wave spacetime, of Whittaker's formula for solutions of the wave equation in flat space. (1)
Consider in a curved spacetime the linear operator L = 0 + 6"Va + w, where 0 = V,V" is the covariant d'Alembertian. Look for scalar functions U and S such that cp(x") =
U ( x " ) f ( S ( x " ) )
is a solution of Lcp = 0, for all functions f: R + R. Such a cp is called a simple progressing wave (Friedlander 1975, § 3.6) . Computing Lcp and requiring that the coefficients off, f' and f" vanish give an overdetermined system of equations for U and S and in general these have only trivial solutions. But for certain special choices of L (i.e. special choices of g a b , 6" and p ) non-trivial solutions do exist.
If L admits a progressing-wave solution, then so does any other operator related to it by a 'trivial transformation' (Friedlander 1975, § 4.6 (1)
In other words, if we think of 6, as an electromagnetic potential, then this is a gauge transformation. From now on, let us assume that the electromagnetic field Fab = 2V[, [b] is zero, so that the transformation (1) can be used to set 6" = 0.
The second type of trivial transformation is a conformal rescaling g a b = R2&b of the metric, in which cp scales as 4 = K'q Under this transformation, 6, is invariant, i.e. it remains zero. Given a simple progressing wave cp = Uf(S), the conformal rescaling with R = U gets rid of the factor U. In other words, we may take U = 1. The overdetermined system of equations referred to earlier then reduces to = 0, together with (V,S)(VS) = 0 os=o.
(2)
So the hypersurface S = 0 is a null hypersurface and it has the special property that it can support a solution of the wave equation 0 cp = 0 (namely, by taking f to be a 6 function). In a general spacetime this is impossible, since any wave would 'back-scatter' off the gravitational field, i.e. develop a 'tail'. This is closely related to 0264-9381/87/030775 + 04$02.50 0 1987 IOP Publishing Ltd the failure, in general, of Huygens' principle (Friedlander 1975 , 9 5.7), which says that the fundamental solution should be 'sharp'.
In (conformally) flat spacetime, the problem was analysed by Friedlander (1947 Friedlander ( , 1975 .7), who listed seven different wavefronts that can occur. (A 'wavefront' is the 2-surface of intersection between S = 0 and a space-like hyperplane.) However, if we make use of the 15-parameter group of conformal motions of flat spacetime, then there are just three equivalence classes of such wavefronts, namely the following.
(i) Planes and spheres (i.e. in spacetime, null hyperplanes and null cones, which are conformally equivalent).
(ii) Cylinders, cones, tori and fourth-order Dupin cyclides. The cylinder is the intersection of the null hypersurface t 2 -x2 -y 2 = 0 with t = constant. Applying a Lorentz boost to this gives a hypersurface with conical space sections, while applying a 'special' conformal transformation gives the toroidal case. Finally, a Lorentz boost of the torus gives the Dupin cyclides, which are certain algebraic surfaces of degree four.
(iii) Third-order Dupin cyclides, a representative example being the t = constant section of the null hypersurface
(3)
We shall return to these three types of flat-space progressing waves in a moment. Note that one solution of ( 6 ) is S = U. A more general solution will be given later. For some choices of the four functions GAB(u), the metric (4) is flat. We can find some examples by starting with flat space: 
t s c D H C A~ (7)
In order to end up with (4), we need HAB to be linear in U, with symmetric in AB, and with K A B equal to the expression (7). Then G A B = ScDHCAHDB. We may use the freedom to make constant orthogonal transformations on constant linear transformation on x A and affine transformations of U. Modulo this freedom, the most general H A B which satisfy the requirements of the previous paragraph are as follows.
(1) H~~ = 6 A B .
(11) (111) HAB=diag(v-1, v + l ) (with a degenerate case H A B = v a A B ) .
In each of these three cases, therefore, we may take the solution S = U of ( 6 ) and transform to the coordinates (C, v',X'") to get an example of a flat-space progressing wave. In case I we obtain S = C, so S=O is a null hyperplane: this coincides with class (i). In case I1 we obtain S = u'-fF/v', so S = 0 is a hypersurface whose space sections are cylinders: this coincides with class (ii). (Use the transformation 2C = I + f, v' = I -.
? from null coordinates to Cartesian coordinates: then S = 0 becomes I 2 -F2 -
5'=0.) In case I11 we obtain
and S = 0 is precisely the surface (3) of class (iii). (The degenerate version of case I11 gives a null cone, and so belongs to class (i).) To summarise: the field cp = g -1 ' 4 f (~) is a progressing-wave solution of the wave equation in the plane-wave spacetime (4) and all of the flat-spacetime progressing waves are special cases of this. The essence of this statement is contained in a remark at the end of an article by Penrose (1972), which deals with impulsive gravitational waves.
The fact that progressing waves exist in plane-wave spacetimes is, of course, related to the fact that Huygens' principle is valid in such spacetimes (Friedlander 1975 This is the famous formula of Whittaker (1903) for solutions of the wave equation. (Murray (1985) has studied this formula and extensions of it in terms of sheaf cohomology.) So the expression (9) is a generalisation of Whittaker's formula to plane-wave spacetimes.
